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Dedicated to the memory of Ky Fan, with my immense esteem and admiration 



Abstract: In this paper, making use of Theorem 2 of [5], we establish a new four 
critical points theorem which can be regarded as a companion to Theorem 1 of [4] . We also 
present an application to the Dirichlet problem for a class of quasilinear elliptic equations. 
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The aim of this paper is to establish a new four critical points theorem (Theorem 1 
^-j- 1 below) that can be regarded as a companion to Theorem 1 of [4] . 

As in [4] , our key tool is the multiplicity result on global minima established in [3] . The 
use of such a result requires the validity of a strict minimax inequality which is explicitly 
assumed in [4]. 

A novelty of Theorem 1 is that no minimax inequality appears among the hypotheses. 
This is possible thanks to the use of Theorem 2 of the very recent [5] which just highlights 
a rather general situation where the strict minimax inequality occurs. 

^ ■ In other words, Theorem 1 should be regarded as the fruit that one obtains by com- 

bining the underlying ideas of [4] with Theorem 2 of [5]. 

For the reader convenience, we start just recalling Theorem 2 of [5]. 

First, we introduce the following notations. 

If X is a non-empty set and r, $ : X — > R are three given functions, for each \x > 
and r g] infx sup x $[, we put 

/ -pt . y t \ . , fjT(x) + V(x) -inf $ - 1(] _ 00jr]) (/ir + *) 
a(uT + W, <3> r) = mf — ^ 

xe^-HJ-oo.rQ r — <&(x) 

and 

«„r + *,*,r)= sup /J(*) + »(»)-M.-.q-.,,, i ,0J + tt) 
xe<i>- 1 (]r,+oo[) r — q>(x) 
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When \I/ + $ is bounded below, for each r g] infx sup x $[ such that 



we put 



where 



and 



inf T(x) < inf T(x) , 

x6 < I ,_1 (]— oo,r]) x6<I>~ 1 (r) 



7 = inf + $(») 



r\ r = inf r(x) 

x6«E>~ 1 (r) 



THEOREM A ([5], Theorem 2). - Let X be a topological space and T,^ , $ : X R 
t/iree sequentially lower semicontinuous functions, with V also sequentially inf- compact, 
satisfying the following conditions: 
(a) mf xe x(tiF(x) + ^(x)) = — oo for all /i > ; 
(6) inf x6X (^(x) +$(x)) > -oo ; 
(c) there exists r g] infx sup x $[ sttc/t t/ia£ 

inf T(x) < inf r(<c) . 

xe* _1 (]— oo,r]) x6$- 1 (r) 

Under such hypotheses, for each fx > max{0, /i*(T, r)} ; one has 

a(/ir + ^,$,r) = 

and 

/3(>r + ^,$,r) > . 



As we said, the key tool in the proof of Theorem 1 is provided by the following 

THEOREM B ([3], Theorem 1). - Let X be a topological space, A C R an open 
interval and P : X x A — >■ R a function satisfying the following conditions: 
(ai) for each x G X , the function P(x, •) is quasi-concave and continuous ; 
(02) for each X e A, the function P(-, A) is lower semicontinuous and inf-compact ; 
(as) one has 

sup inf P(x, A) < inf sup P(x, A) . 
\eA x ^ x x ^ x \eA 

Under such hypotheses, there exists A* G A such that the function P(-, A*) has at least 
two global minima. 

Here is our main result: 
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THEOREM 1. - Let X be a reflexive real Banach space; I : X — >■ R a sequentially 
weakly lower semicontiwnuous and coercive C 1 functional whose derivative admits a con- 
tinuous inverse on X* ; J, \I/,<I> : X — > R three C 1 junctionals with compact derivative 
satisfying the following conditions: 

liminf — > , limsup — H- < +oo , (1) 

UasH-H-oo I{X) ||x|K+oo I{X) 

liminf _W = _ QO (2) 

|M|-H-oo I(x) 

inf (tf (a) + A$(x)) > -oo (3) 

/or a// A > 0. Moreover, assume that there exist a strict local minimum xq of L, with 
I(%o) = J(xq) = ^(xq) = &(xo) = 0, and another point x\ GX such that 

max{J(xi),*(xi),$(xi)} < , (4) 

f J(x) <&(x) 1 

min < liminf , liminf > > (5) 



and 



>x I{x) x-¥x I{x) 



hmmr > — oo . 

x^x I(x) 



Under such hypotheses, for each u, \x satisfying 
and 

{ ty(x) 1 

\x > max <^ 0, -liminf -r^f, inf + i/J, <E>, r) > , (7) 

[ ' x^x I(x) r>sup Mu $ J 

where M v is the set of all global minima of I + vJ, there exists A* > such that the 
functional fi(I + vJ) + ^ + A*<E> has at least four critical points. Precisely, among them, 
one is xq as a strict local, not global minimum and two are global minima. 

PROOF. First of all, observe that, since X is reflexive, the functionals J, are 
sequentially weakly continuous, being with compact derivative ([6], Corollary 41.9). Fix v 
as in (6). For x <E X \ J _1 (0), we have 



I(x) + vJ{x) = I(x) (l + 



J(x) 
"Ijxj 

and so, since I is coercive, in view of (1), it follows that 



lim (I(x) + vJ{x)) = +oo . (8) 

|x||^+oo 
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By the reflexivity of X again, this implies that the set M v is non-empty and bounded. As 
a consequence, $ is bounded in M v . Also, by (2) and (3), we have sup x $ = +00. Now, 
fix \i as in (7). Let r > sup M ^ $ be such that \i > //*((/ + z/J), <&, r). Since $ _1 (r) is 
non-empty and sequentially weakly closed, there exists x G <E> _1 (r) such that 

I(x) + vj(x) = inf (I(x) + vJ{x)) . 

x6$~ 1 (r) 

The choice of r implies that x £ M v . So, we infer that 

inf (/(*) + ^J(x)) < inf (J(x) + i/J(x)) • 

a;e5>- i (J — oo,rJ) x6<P _i (r) 

Moreover, by (2), there exists a sequence {x n } in X such that 

lim ||x n || = +00 , lim \ n \ = —00 . (9) 

n— too n— >oo I(x n ) 



For any p G R and for n large enough, we have 



p(I(x n ) + vj{x n )) + *(x n ) = (/(x n ) + i/J(a; n )) | p + , | . (10) 

Clearly, from (1), (8), (9) and (10), it follows that 

lim (n(I(x n ) + vj{x n )) + *(x n )) = -00 . 

n— S-oo 

So, if we consider X endowed with the weak topology, all the assumptions of Theorem A 
(with T = I + uJ) are satisfied, and so we have 

a(n(I + vJ) + r) < p(fi(I + vJ) + tf, r) . 

But, by Theorem 1 of [1], this inequality is equivalent to 

sup inf ((n(I(x)+vJ(x))+ty(x)+\(®(x)-r)) < inf sup((^(/(x)+i/J(x))+*(x)+A($(x)-r)) 

x >qxEX xex x >o 

At this point, after observing that, in view of (3) and (8), one has 

lim (fi(I(x) + vJ(x)) + ty(x) + \$(x)) = +oo (11) 

||cc||— S-+00 

for all A > 0, we realize that we can apply Theorem B, with A =]0, +00 [, considering X 
with the weak topology again and taking 

P(x, A) = ijl(I(x) + uJ(x)) + *(x) + A($(x) - r)) . 
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Therefore, there exists A* > such that the functional fi(I + uJ) + \& + A*<E> has at least 
two gobal minima. Now, choose e, a > so that 



lim int > —fi + e 

x->x I(x) 



and 

a < 



\iv + A* 



In view of (5) and recalling that xq is a strict local minimum of I (with I{xq) = 0), we can 
find a neighbourhood V of x such that, for each x E V \ {x }, one has 

J(x) > , 

*(x) 



> — // + e , 



> -a 



7(x) 

J{x) 
I(x) 

and 

<E>(x) 

Consequently, for each x G V \ {xo}, we have 

/x(/(x) + ^J(x)) + (x) + A*$(x) = 7(x) f/x + ^^t4 + Tt4 + A *Tt4 ) > 



7(x) 7(x) J(x) 

> 7(x)(e - <j{ijlv+ A*)) > . 

Hence, since /z(I(x ) + z/J(x )) + ^(x ) + A*$(x ) = 0, it follows that x is a strict local 
minimum of the functional n(I + vJ) + \I> + A*$. On the other hand, in view of (4) and 
(6), we have 

/i(7(xi) + za/(xi)) + *(xi) + A*$(xi) < , 

and hence xo is not a global minimum of the functional + vJ) + \& + A*<E>. Now, we 
remark that this functional, due to (11) and to our assumptions on /, J, \1/ turns out to 
satisfy the Palais-Smale condition ([6], Example 38.25). Summarizing: the functional 
uJ) + ^ + A*<E> is C 1 , satisfies the Palais-Smale condition, has at least two global minima 
and admits xo as a local, not global minimum. At this point, we can invoke Theorem 
(l.ter) of [2] to ensure the existence of a fourth critical point for the same functional, and 
the proof is complete. A 

Now, we are going to present an application of Theorem 1 to quasilinear elliptic 
equations. 
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So, let O C R n be a bounded domain with smooth boundary and let p > 1. On the 
Sobolev space W ,P (Q), we consider the norm 

= (^J \Vu{x)\ p dx 

If n > p, we denote by A the class of all Caratheodory functions / : O x R — y R such that 

sup IJV < +00 , 

(x,C)6f2xR 1 + \Q q 

where < q < pn ~^ p if p < n and < q < +00 if p = n. While, when n < p, we denote 
by A the class of all Caratheodory functions / :OxR-}R such that, for each r > 0, the 
function x — > sup^| <r \f(x,£)\ belongs to L 1 (0). 

Given f £ A, consider the following Dirichlet problem 



-divfl Vu\p- 2 Vu) = f(x, u) in O 
u = on dfi . 

Let us recall that a weak solution of (Pf) is any u G 

W such that 

/ \V u{x)\ p ~ 2 V u{x)V v (x)dx — / f(x, u(x))v (x)dx = 
in in 

for all u G Wo' p (fi). 

The functionals T, J f : Wq' p (Q.) ->■ R defined by 

T(w) = 



Jf(u) = / F(x,u(x))dx , 
in 



where 



Jo 

are C 1 with derivatives given by 

T'(m)(u) = f \Vu(x)\ p - 2 Vu(x)Vv(x)dx 
in 



Jj-(«)(f) = / f(x, u(x))v (x)dx 



n 
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for all u,v G W Q ,P (Q). Consequently, the weak solutions of problem (Pf) are exactly the 
critical points in W ' p (0) of the functional T — Jf which is called the energy functional of 
problem (Pf). Moreover, Jj- is compact, while T' is a homeomorphism between Wq ,p (Q) 
and its dual. 

The announced application of Theorem 1 is as follows: 

THEOREM 2. - Let q > p, with q < ^ when n > p, and let /, g, h : O x R R be 
three functions belonging to A and satisfying the following conditions: 



inf x6n Fx,£ s\xp xen F(x,£) 
hm t- = +00 , hmsup ^— < +00 , (12) 

hm inf ^ G(x ^ ) =+oo, (13) 

hmsup < , hmmf — > —00 , 14 

limsup sup n F(,, <+oO; (15) 
£^0 14 r 

inf TP o G(x, f ) 

liminf — xe " , V ^ > , 16 
hmsup ^— < . (17) 

c^o I4r 

Finally, assume that there exist a measurable set B C Q., with meas(-B) > 0, and 4i G R 

max{-F(x,4i),G(x,^),-if(x,4i)} < 

for all x G B. 

Under such hypotheses, for each v > large enough, there exists e„ > w;i£/i £/ie 
following property: for each e g]0, e u [ there exists A* > such that the problem 

— div(| Vu\ p ~ 2 Vu) = ef(x, u) — X*g(x, u) + uh(x, u) in O 

u = on <9fi 

has at least three non-zero weak solutions, two of which are global minima in Wq' p (Q) of 
the corresponding energy functional. 

PROOF. First, observe that from the first assumption in (12) it follows 

J f (u) 

limsup , , = +00 . 

IMI-H-00 \\ u \\ p 

This is proved in the proof of Theorem 4 of [5], and so we do not repeat the argument 
here. Moreover, from the second assumption in (12) and from (13), it clearly follows that, 



for each A > 0, the function XG — F is bounded below in R (see [5] again), and so the 
functional XJ g — Jf is bounded below in Wq ,p (Q). Moreover, by (14), there is c > and, 
for each e > 0, another c e > 0, such that 

-c(\^ + l)<H(x,0<e\Z\ p + c e 

for all (x, £) G fi x R. This clearly implies that 

i- Jh ^ n 

hmsup .. .. < 

||u||-H-oo \\ U \\ P 

and 

1- • t J h{u) 

hminr — — fi — > — oo . 

||u||-H-oo 

Furthermore, by (15) and by the second assumption in (12), there is a constant c\ > 
such that 

for all (x, £) G fi x R. Since q > p, this implies that 

J f( u ) 

lim sup < +oo . 

u^O \\u\\P 

Now, suppose n > p. By (16) and (17), taking into account that g,h G A, for some r > p 
and for each e > there is d e > such that 

G(x,0>-e|£l p -«| r 

and 

#(x,o<eier+4i£r 

for all (x, £ O x R. From this, we get 

li min f^l>0 

and 

hm sup -r — 77— < . 

u^O \\u\\ p 

In the case n < p, we get again these two inequalities thanks to (16) and (17) and to the 
continuous embedding of Wq' p (Q.) into C°(fi). Now, let u G L l {Q) be such that 

max{|F(x,£)|, |G(x,£)|, < "0*0 

for all (x, £) 6 Ox [— |£i|]- Next, choose a closed set C C 5, an open set Dell, with 
CcD, and G R in such a way that 

77:= max j- J F(x,£i)dx, J G(x,£i)dx, -J H(x, £i)dxj < 9 < 



and 

/ 



/ u{x)dx < 9 — r) 
Jd\c 



Finally, let vi : Q — > [— |£i|, |£i|] be a function belonging to Wq ,p (Q) such that vi(x) = £1 
for all x G C and Vi(x) = for all x G O \ Z}. Clearly, we have 



max 



< — / / F(x 7 v\{x))dx, — I H(x, v\(x))dx > < rj + (9 — 1]) < . 

I Jn Jn Jn J 



At this point, the conclusion comes directly from that of Theorem 1 applied taking I(u) = 

I| 
p 



-\\u\\ p , J{u) = -J h (u), ^(u) = -J f (u), $(w) = J g {u) for all u G W^ p (n). A 
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